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Motivation: ultradifferentiable setting

Given
@ a sequence {M,}¢n, of real positive numbers (No = N U {0})
@ an open subset Q in RY

Ultradifferentiable function of class M,

f € C=(Q) is said to be an ultradifferentiable function of class M, if for every
compact K CC Q

sup |D*f| < Chl*IM|,; Vo e N§
K

Beurling case (ultradifferentiable of class (M,)): VA > 03C >0
Roumieu case (ultradifferentiable of class {M,}): 3h >0, C >0

|
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@ an open subset Q in RY

Ultradifferentiable function of class M,

f € C=(Q) is said to be an ultradifferentiable function of class M, if for every
compact K CC Q

sup |D*f| < Chl*IM|,; Vo e N§
K

Beurling case (ultradifferentiable of class (M,)): VA > 03C >0
Roumieu case (ultradifferentiable of class {M,}): 3h >0, C >0

Large literature

Isotropic case
Derivatives estimated in terms of M, }
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Motivation: ultradifferentiable setting

Given
@ a sequence {M,}¢n, of real positive numbers (No = N U {0})
@ an open subset Q in RY

Ultradifferentiable function of class M,

f € C=(Q) is said to be an ultradifferentiable function of class M, if for every
compact K CC Q

sup |D*f| < Chl*IM|,; Vo e N§
K

Beurling case (ultradifferentiable of class (M,)): VA > 03C >0
Roumieu case (ultradifferentiable of class {M,}): 3h >0, C >0

Isotropic case J Large literature

Derivatives estimated in terms of M,

Anisotropic case J Limited literature

Estimate derivatives in terms of M,,
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Associated function in the one-dimensional case

Associated function

tP
wm(t) := My sup log —, t>0.
PENy MP
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Associated function in one-dimensional case

Associated function

tP
wm(t) :== My sup log —, t > 0.
PENg M
If lim /\/Il/”——i—oo then?
p——+o0
Proposition (Mandelbrojt, 1952)
tP
Mp=Mosup——— . pel,
t>0 expwm(t)
if and only if {M,}pen, is logarithmically convex, i.e.
M} < Mp_1Mpy1,  VpeN. (1)

v

is, Mandelbrojt, Séries adhérentes, Régularisation des suites, Applications, Gauthier-Villars,
Paris, 1952.
H. Komatsu, Ultradistributions I. Structure theorems and a characterization, J. Fac. Sci. Univ.
Tokyo Sect IA Math. 20 (1973), 25-105.
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Multi-dimensional case

d-dimensional case

The analogous result for a sequence {Ma}qeng

My=M, sup ——  VaeNg, (2)
s€(0,+00)d XPwWM(S)

had been never proved before
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Multi-dimensional case

d-dimensional case

The analogous result for a sequence {Ma}qeng

My=M, sup ——  VaeNg, (2)
s€(0,+00)d XPwWM(S)

had been never proved before

Why?

The classical coordinate-wise logarithmic convexity condition

M2 < My—e Mo, aeNg, 1<j<d, aj>1, (3)

for a sequence {Ma},eng is not sufficient to obtain (2).
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Multi-dimensional case

d-dimensional case

The analogous result for a sequence {Ma}qeng

My=M, sup ——  VaeNg, (2)
5€(0,400)d EXPWM (s)

had been never proved before

Why?

The classical coordinate-wise logarithmic convexity condition

M2 < My Mo, aeNg 1<j<d, a;>1, (3)

for a sequence {Ma},eng is not sufficient to obtain (2).

Example Flxy)
not convex in
Mo = eF(@ for F(x,y) = (x + 1)*(y + 1)? [0, +00)?

satisfies (3) but not (2)
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Convex sequence (1-dimensional case)

1 1
{ap}pen is convex if a, < 5311 53p+1 VpeN

< the polygonal obtained by connecting the points (p, a,) is the graph of a
convex function

< 3 a convex function F : [0, +00) — R with F(p) = a, Vp € Ng
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Convex sequence (1-dimensional case)

1 1
{ap}pen is convex if a, < 5311 53p+1 VpeN

< the polygonal obtained by connecting the points (p, a,) is the graph of a
convex function
< 3 a convex function F : [0, +00) — R with F(p) = a, Vp € Ng

N.B. a, = log M,, is convex iff {M,} logarithmically convex: Mg < Mp_1Mpiq J
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Convex sequence (1-dimensional case)

1 1
{ap}pen is convex if a, < 5311 53p+1 VpeN

< the polygonal obtained by connecting the points (p, a,) is the graph of a
convex function
< 3 a convex function F : [0, +00) — R with F(p) = a, Vp € Ng

N.B. a, = log M,, is convex iff {M,} logarithmically convex: Mg < Mp_1Mpiq J

Convex sequence (d-dimensional case)
{aa}taeng is convex if 3 convex function £ : [0, +00)¢ — R with F(a) = a, Yo J
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Convex sequence (1-dimensional case)

1 1
{ap}pen is convex if a, < 5311 53p+1 VpeN

< the polygonal obtained by connecting the points (p, a,) is the graph of a
convex function
< 3 a convex function F : [0, +00) — R with F(p) = a, Vp € Ng

N.B. a, = log M,, is convex iff {M,} logarithmically convex: Mg < Mp_1Mpiq J

Convex sequence (d-dimensional case)
{aa}taeng is convex if 3 convex function £ : [0, +00)¢ — R with F(a) = a, Yo J

Logarithmically convex sequence (d-dimensional case)

{Ma}qeng is logarithmically convex if a, = log M, is convex:
log M, = F(«a) for a convex function F : [0, +00)? — R
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Convex sequence (1-dimensional case)

1 1
{ap}pen is convex if a, < 5311 53p+1 VpeN

< the polygonal obtained by connecting the points (p, a,) is the graph of a
convex function
< 3 a convex function F : [0, +00) — R with F(p) = a, Vp € Ng

N.B. a, = log M,, is convex iff {M,} logarithmically convex: Mg < Mp_1Mpiq J

Convex sequence (d-dimensional case)
{aa}taeng is convex if 3 convex function £ : [0, +00)¢ — R with F(a) = a, Yo J

Ex: M, = ef(®

Fx, ) =&+D)%y+1)?
{Ma}aeNg is logarithmically convex if a, = log M, is convex: | is not logarithmically

log M, = F(«a) for a convex function F : [0, +00)? — R convex

Logarithmically convex sequence (d-dimensional case)
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(Logarithmically) convex minorant

Given {My}aeng with  lim MY/l = oo (and M, = 1),

|| =400
the idea is now to construct the largest logarithmically convex sequence
{Méf}aeNg with M < M,, and prove that

(03
M = sup 57, Vo € N§.
s€(0,400) EXP wm(s)
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(Logarithmically) convex minorant

Given {My}aeng with  lim MY/l = oo (and M, = 1),

|| =400
the idea is now to construct the largest logarithmically convex sequence
{Méf}aeNg with M < M,, and prove that

SOé
M= sup ———, Vo € N§.
sc(0,4+00)? EXPWM(S)
We shall do the construction for a, = log M,,
The convex minorant of a sequence {3a}aeNg is the largest convex sequence
{25 }aeng with a < a, for all a € N§
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(Logarithmically) convex minorant

Given {My}aeng with  lim MY/l = oo (and M, = 1),

|| =400
the idea is now to construct the largest logarithmically convex sequence
{Méf}aeNg with M < M,, and prove that

SO(
M= sup ———, Vo € N§.
sc(0,4+00)? EXPWM(S)
We shall do the construction for a, = log M,,
The convex minorant of a sequence {aa}aeNg is the largest convex sequence
{25 }aeng with a < a, for all a € N§

Assumptions for the construction

® a, > —00, VaeNg

@ a, may be +00 at most for a finite number of multi-indices v € N¢
@ 30 €R

Lo
° +00

im — =
|a| =+o0 |Oé|
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(Logarithmically) convex minorant

Given {My}aeng with  lim MY/l = oo (and Mo = 1),

|| =400
the idea is now to construct the largest logarithmically convex sequence
{Méf}aeNg with M < M,, and prove that

SO(
M= sup ———, Vo € N§.
sc(0,4+00)? EXPWM(S)
We shall do the construction for a, = log M,,
The convex minorant of a sequence {aa}aeNg is the largest convex sequence
{25 }aeng with a < a, for all a € N§

Assumptions for the construction

® a, > —00, VaeNg

@ a, may be +00 at most for a finite number of multi-indices v € N¢
@ 30 €R

o aa
o lim +00

|a|—=+oc0 m B
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Construction by hyperplanes

S:={(a,a,): a€NJ}
L:={f:RY = R:fis an affine function} = {f(x) = (k,x) + c: k € RY c € R}
Ls:={feL: fla)<a, VaecNi} hyperplanes that lie under S

R
anl
. S aay
o
80{3
. .
a
o Ao
.
a‘
0 o™ ag
dayp Bay s
L -
| R
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Construction by hyperplanes

S:={(a,a,): a€NJ}
L:={f:RY = R:fis an affine function} = {f(x) = (k,x) + c: k € RY c € R}
Ls:={feL: fla)<a, VaecNi} hyperplanes that lie under S

IDEA:
Take the supremum of the hyperplanes that lie under S

F(x) := sup f(x)

feLls
. R
and project each (a, a,) to get the 3
. !
convex minorant sequence * S a:7
!
| !
c I |
a, = F(Oé) (S 3(,) I 3as ::L
a;o ! * 34’17 ;“
| Aag |
EN ° |
[
.
. ¢ le~_ dog
auz acu3 :?(:4 N
| Rd
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Construction by hyperplanes

S:={(a,a,): a€NJ}
L:={f:RY = R:fis an affine function} = {f(x) = (k,x) + c: k € RY c € R}
Ls:={feL: fla)<a, VaecNi} hyperplanes that lie under S

IDEA:
Take the supremum of the hyperplanes that lie under S

F(x) := sup f(x)

feLls
. R
and project each (a, a,) to get the 3
. o
convex minorant sequence * S a:7
|
| | 1
c _ | | “\‘
an = F(Oé) (g a“) ‘ dag cL
X * oz |
| 34.16 |
. . |
N.B. F in convex B ‘ .
o 4 Lo~ dag
day acu3 :?(:4 N
| Rd
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Construction by hyperplanes

S:={(a,a,): a€NJ}
L:={f:RY = R:fis an affine function} = {f(x) = (k,x) + c: k € RY c € R}
Ls:={feL: fla)<a, VaecNi} hyperplanes that lie under S

IDEA:
Take the supremum of the hyperplanes that lie under S

F(x) := sup f(x)

feLls
. R
and project each (a, a,) to get the 3
. 2!
convex minorant sequence ' S 2e7
|
| |
c | | “\‘
an = F(Oé) (g a“) ‘ dag cL
a:xo l 1 a“‘7
I 34.16 |
. < |
N.B. F in convex da i .
. ¢ Lo~ dog
. G c dq
How to prove that it is the largest PoFeg 000
. | d
convex function < a,7 [ R
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Geometric construction in the 1-dimensional case

Hyperplanes that lie under S: straight lines
feLls < f(x)=kx+cwith k,c € R and f(0) = ¢ < ag J
) - :
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Geometric construction in the 1-dimensional case

Hyperplanes that lie under S: straight lines
feLls < f(x)=kx+cwith k,c € R and f(0) = ¢ < ag

Take f,, k(x) = a0 + kx (ap € R)
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Geometric construction in the 1-dimensional case

Hyperplanes that lie under S: straight lines
feLls < f(x)=kx+cwith k,c € R and f(0) = ¢ < ag J

Take f5 k(x) = ao + kx (ap € R)
Rotate around (0, ap) until we meet another point (p,a,) € S: a, = ap + kp =

choose ko := infpen a";a" = minpen a”;a" = ? (since %’ — +00)
F(X) - fseuﬁp f(X) = F(X) = ap + kox =: f;o,ko(x) Vx € [0,p1] J
g

J = ’

faokog = a0 + kox

fao.k € Ls
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Geometric construction in the 1-dimensional case

Hyperplanes that lie under S: straight lines
feLls < f(x)=kx+cwith k,c € R and f(0) = ¢ < ag J

Take f5 k(x) = ao + kx (ap € R)
Rotate around (0, ap) until we meet another point (p,a,) € S: a, = ap + kp =

choose ko := infpen a";a" = minpen a”;a" = ? (since % — +00)

F(x) = fseuﬁps f(x) = F(x)=ao+ kox =: fo 4,(x) Vx€][0,p1] J
Then take £, k(x) = ap, + k(x — p1), ki = min, cpey 22 = 2222
FOO)=foulx) Welppl ) X S

\xm. -

\fao,ko = ag + kox
fao.k € Ls
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Geometric construction in the 1-dimensional case

Hyperplanes that lie under S: straight lines
feLls < f(x)=kx+cwith k,c € R and f(0) = ¢ < ag J

Take f5 k(x) = ao + kx (ap € R)
Rotate around (0, ap) until we meet another point (p,a,) € S: a, = ap + kp =

choose ko := infpen a";a" = minpen a”;a" = ? (since % — +00)

F(x) = fseuﬁps f(x) = F(x)=ao+ kox =: fo 4,(x) Vx€][0,p1] J
Then take £, k(x) = ap, + k(x — p1), ki = min, cpey 22 = 2222
FOO)=foulx) Welppl ) X S

faokg = a0 + kox
fao.k € Ls
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Geometric construction in the 1-dimensional case

Hyperplanes that lie under S: straight lines
feLls < f(x)=kx+cwith k,c € R and f(0) = ¢ < ag J

Take f,, k(x) = a0 + kx (ap € R)
Rotate around (0, ap) until we meet another point (p,a,) € S: a, = ap + kp =
2= = minpen 22 ‘3° = Llp?ao (since % — 400)

choose kg := inf

F(x)=sup f(x) = F(x)=ao+ kox =: fo.4(x) ¥x€[0,p1] J
fELs
Then take £, k(x) = ap, + k(x — p1), ki = min, cpey 22 = 2222
( ) - f;plykl(X) Vx € [p13p2] J 30\ S

NN
A

fao,k € Ls

fa0,ko = A0 + kox
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Geometric construction in the 1-dimensional case

Hyperplanes that lie under S: straight lines
feLls < f(x)=kx+cwith k,c € R and f(0) = ¢ < ag J

Take f,, k(x) = a0 + kx (ap € R)
Rotate around (0, ap) until we meet another point (p,a,) € S: a, = ap + kp =
2= = minpen 22 ‘3° = Llp?ao (since % — 400)

choose kg := inf

F(x)=sup f(x) = F(x)=ao+ kox =: fo.4(x) ¥x€[0,p1] J
fELs
Then take £, k(x) = ap, + k(x — p1), ki = min, cpey 22 = 2222
( ) - f;plykl(X) Vx € [p13p2] J 30\ S

Convex minorant

3% = F(p) = sup(kp + he) \\ /

hie = |nf(ap—kp)—pr2!\rl1(p—kp) aoko—ao+kox
fao,k € Ls
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The multi-dimensional case

Theorem (Boiti-Jornet-Oliaro-Schindl)

F(x) = supse f(x) is the largest convex function g : [0, +00)? — R whose
epigraph G; contains S, i.e. such that

gla) < aq Vo € N§.
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The multi-dimensional case

Theorem (Boiti-Jornet-Oliaro-Schindl)

F(x) = supse f(x) is the largest convex function g : [0, +00)? — R whose
epigraph G; contains S, i.e. such that

gla) < aq Vo € N§.

(Idea of the) PROOF by descending induction:
°
°
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The multi-dimensional case

Theorem (Boiti-Jornet-Oliaro-Schindl)

F(x) = supse f(x) is the largest convex function g : [0, +00)? — R whose
epigraph G; contains S, i.e. such that

gla) < aq Vo € N§.

(Idea of the) PROOF by descending induction:
@ g(x) > F(x) since F is convex and F(a) < a,
°
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The multi-dimensional case

Theorem (Boiti-Jornet-Oliaro-Schindl)

F(x) = supse f(x) is the largest convex function g : [0, +00)? — R whose
epigraph G; contains S, i.e. such that

gla) < aq Vo € N§.

(Idea of the) PROOF by descending induction:
e g(x) > F(x) since F is convex and F(a) < a,
o fix x® € (0,+00)9 and take (x°,y°) € G,
° .y

]Rd
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The multi-dimensional case

Theorem (Boiti-Jornet-Oliaro-Schindl)

F(x) = supse f(x) is the largest convex function g : [0, +00)? — R whose
epigraph G; contains S, i.e. such that

gla) < aq Vo € N§.

(Idea of the) PROOF by descending induction:
e g(x) > F(x) since F is convex and F(a) < a,
o fix x® € (0,+00)9 and take (x°,y°) € G,
° Gg+ convex = by Hahn-Banach 3 hyperplane ¥

y = (k*,x) + c” that leaves G, on the same
side of the hyperplane
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The multi-dimensional case

Theorem (Boiti-Jornet-Oliaro-Schindl)

F(x) = supse f(x) is the largest convex function g : [0, +00)? — R whose
epigraph G; contains S, i.e. such that

gla) < aq Vo € N§.

(Idea of the) PROOF by descending induction:

e g(x) > F(x) since F is convex and F(a) < a,

o fix x® € (0,+00)9 and take (x°,y°) € G,

° Gg+ convex = by Hahn-Banach 3 hyperplane ¥
y = (k*,x) + c” that leaves G, on the same
side of the hyperplane (not vertical since g
convex and x° interior point)

°
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The multi-dimensional case

Theorem (Boiti-Jornet-Oliaro-Schindl)

F(x) = supse f(x) is the largest convex function g : [0, +00)? — R whose
epigraph G; contains S, i.e. such that

gla) < aq Vo € N§.

(Idea of the) PROOF by descending induction:
e g(x) > F(x) since F is convex and F(a) < a,
o fix x® € (0,+00)9 and take (x°,y°) € G,
° Gg+ convex = by Hahn-Banach 3 hyperplane ¥
y = (k*,x) + c” that leaves G, on the same

side of the hyperplane (not vertical since g
convex and x° interior point)

o f*(x)=(k*,x)+c* € Ls
°
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The multi-dimensional case

Theorem (Boiti-Jornet-Oliaro-Schindl)

F(x) = supsc . f(x) is the biggest convex function g : [0, 4+00)¢ — R whose
epigraph G; contains S, i.e. such that

gla) < aq Vo € N§.

(Idea of the) PROOF by descending induction:
e g(x) > F(x) since F is convex and F(a) < a,
o fix x® € (0,+00)9 and take (x°,y°) € G,
° Gg+ convex = by Hahn-Banach 3 hyperplane 4
y = (k*,x) + c” that leaves G, on the same

side of the hyperplane (not vertical since g
convex and x° interior point)

o f*(x)=(k*,x)+c* € Ls = F(xXO) > (x")=y°
°
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The multi-dimensional case

Theorem (Boiti-Jornet-Oliaro-Schindl)

F(x) = supsc f(x) is the biggest convex function g : [0, +00)? — R whose
epigraph G; contains S, i.e. such that

gla) < aq Vo € N§.

(Idea of the) PROOF by descending induction:
e g(x) > F(x) since F is convex and F(a) < a, *
o fix x® € (0,+00)9 and take (x°,y°) € G,
° Gg+ convex = by Hahn-Banach 3 hyperplane 4
y = (k*,x) + c” that leaves G, on the same

side of the hyperplane (not vertical since g
convex and x° interior point)

o f*(x)=(k*,x)+c* € Ls = F(x°)>f*(x%)=y"=g(x%) = F(x°)
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The multi-dimensional case

Theorem (Boiti-Jornet-Oliaro-Schindl)

F(x) = supsc f(x) is the biggest convex function g : [0, +00)? — R whose
epigraph G; contains S, i.e. such that

gla) < aq Vo € N§.

(Idea of the) PROOF by descending induction:
@ g(x) > F(x) since F is convex and F(a) < a,
o fix x® € (0,+00)9 and take (x°,y°) € G,
° Gg+ convex = by Hahn-Banach 3 hyperplane 4
y = (k*,x) + c” that leaves G, on the same

side of the hyperplane (not vertical since g
convex and x° interior point)

o f*(x)=(k*,x)+c* € Ls = F(x°)>f*(x°)=y"=g(x%) = F(x°)=g(x°)
e xY € 9]0, +00)9 = reduce to (d — 1)-dimensional case
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The multi-dimensional case

Theorem (Boiti-Jornet-Oliaro-Schindl)

F(x) = supsc f(x) is the biggest convex function g : [0, +00)? — R whose
epigraph G; contains S, i.e. such that

gla) < aq Vo € N§.

(Idea of the) PROOF by descending induction:
e g(x) > F(x) since F is convex and F(a) < a,
o fix x® € (0,+00)9 and take (x°,y°) € G,
° Gg+ convex = by Hahn-Banach 3 hyperplane 4
y = (k*,x) + c” that leaves G, on the same
side of the hyperplane (not vertical since g
convex and x° interior point)
o f*(x)=(k*,x)+c* € Ls = F(x°)>f*(x°)=y"=g(x%) = F(x°)=g(x°)
e x° € 90, +00)? = reduce to (d — 1)-dimensional case (trace of F on
{xq = 0} is sup of affine functions on RY~1 with graph below S N {xg = 0})

Chiara Boiti (Universita di Ferrara, Italy) Construction of the log-convex minorant sequence



The multi-dimensional case

Theorem (Boiti-Jornet-Oliaro-Schindl)

F(x) = supsc f(x) is the biggest convex function g : [0, +00)? — R whose
epigraph G; contains S, i.e. such that

gla) < aq Vo € N§.

(Idea of the) PROOF by descending induction:

@ g(x) > F(x) since F is convex and F(a) < a,

o fix x® € (0,+00)9 and take (x°,y°) € G,

° Gg+ convex = by Hahn-Banach 3 hyperplane 4
y = (k*,x) + c” that leaves G, on the same
side of the hyperplane (not vertical since g
convex and x° interior point)

o f*(x)=(k*,x)+c* € Ls = F(x°)>f*(x°)=y"=g(x%) = F(x°)=g(x°)

e x° € 90, +00)? = reduce to (d — 1)-dimensional case (trace of F on
{xq = 0} is sup of affine functions on RY~1 with graph below S N {xg = 0})

@ recursively led to the 1-dimensional case where the assumption ag € R
guarantees the conclusion (no vertical lines) ]
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The log-convex minorant in the d-dimensional case

{Ma}qeng positive real numbers with limjq|— 40 MY = yoo (Mo = 1)

The associated function

|t~ d J
wm(t) = sup IogM—7 teR

aGNg (e

(with the convention that log 0 = —o0)
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The log-convex minorant in the d-dimensional case

{Ma}qeng positive real numbers with limjq|— 40 MY = yoo (Mo = 1)

The associated function

|t04 r || =400
wm(t) = sup log—, teR
a€eNd @

lim MYl = 400 = wm(t) < +ooJ

(with the convention that log 0 = —o0)
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The log-convex minorant in the d-dimensional case

{Ma}qeng positive real numbers with limjq|— 40 MY = yoo (Mo = 1)

The associated function
|ta [at] =+c0
wm(t) = sup log —, t € R

aeNg @ 3o =logM, = %‘ — 400 = Ja§

lim MYl = 400 = wm(t) < +ooJ
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The log-convex minorant in the d-dimensional case

{Ma}qeng positive real numbers with limjq|— 40 MY = yoo (Mo = 1)

The associated function
|ta [at] =+c0
wm(t) = sup IogM—7 t € R

aENg @ an = logM, = %‘ — 400 = da&

lim MYl = 400 = wm(t) < —}-ooJ

The log-convex minorant
The log-convex minorant of {Mq},cne is given by M!¢ := exp a5 for a € N§, with

a, = sup ((k,a) + hg), hx = inf (aq — (k,@))
kERd aeNd
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The log-convex minorant in the d-dimensional case

{Ma}qeng positive real numbers with limjq|— 40 MY = yoo (Mo = 1)

The associated function
|ta [at] =+c0
wm(t) = sup IogM—7 t € R

aENg @ an = logM, = %‘ — 400 = da&

lim MYl = 400 = wm(t) < —}-ooJ

The log-convex minorant

The log-convex minorant of {Mq},cne is given by M!¢ := exp a5 for a € N§, with

a, = sup ((k,a) + hg), hx = inf (aq — (k,@))
kER? a€eNg
(k) Ky
hx=—sup ({k,a)—log M,)=— sup log € =—sup log () =—wm(e)
aeNd aeNg M, aeNg a
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The log-convex minorant in the d-dimensional case

{Ma}qeng positive real numbers with limjq|— 40 MY = yoo (Mo = 1)

The associated function lim MYl = 400 = wm(t) < +00
|ta |a| =00

wm(t) = sup log —, t € R

aeNd M, ay =logM, = = — +o0 = da

El

The log-convex minorant

The log-convex minorant of {Mq},cne is given by M!¢ := exp a5 for a € N§, with

a, = sup ((k,a) + hg), hx = inf (aq — (k,@))
kER? a€eNg
(k) Ky
hx=—sup ({k,a)—log M,)=— sup log € =—sup log () =—wm(e)
aeNd aeNg M, aeNg a

M in terms of the associated function

(e}

ko
Mie = e = gmillkal—om(e) — gup (87 Gy
' keRd EXP WM( ) s€(0,+00)d EXP wM(s)
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Corollary

Theorem (Boiti-Jornet-Oliaro-Schindl)

Let {Ma}aeNg be a sequence of positive real numbers satisfying (My = 1)

lim MYl = 4oo.

|| =>~4o00
Then {Ma},eng is log-convex if and only if

Sa
M, = sup ———, VaeNg.
s€(0,400)d EXP WM (s)
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Corollary

Theorem (Boiti-Jornet-Oliaro-Schindl)

Let {Ma}aeNg be a sequence of positive real numbers satisfying

lim MYl = 4oo.

|| =+o0
Then {Ma},eng is log-convex if and only if

Sa
My=My sup ———, Vo € Ng.
s€(0,400)d EXP WM (s)
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Applications: anisotropic ultradifferentiable setting

Weight matrix
M = {(MV)50 - MO = (M) g, M = 1, M) < ML) Va € NG, A < &}
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Applications: anisotropic ultradifferentiable setting

Weight matrix

M = {(MV)50 : MO = (M), e, MEY = 1, M) < M) Yo € Ng, A < i}

The matrix weighted setting allows to treat at the same time classes in the sense
of Denjoy-Carleman (estimates of the derivatives with a sequence) and in the sense
of Braun, Meise and Taylor? (estimates of the derivatives via a weight function).

2R.W. Braun, R. Meise, B.A. Taylor, Ultradifferentiable functions and Fourier analysis,
Results Math. 17 (1990), no. 3-4, 206-237
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Applications: anisotropic ultradifferentiable setting

Weight matrix
M = {(MV)50 - MO = (M) g, M = 1, M) < ML) Va € NG, A < &}

The matrix weighted setting allows to treat at the same time classes in the sense
of Denjoy-Carleman (estimates of the derivatives with a sequence) and in the sense
of Braun, Meise and Taylor? (estimates of the derivatives via a weight function).

Matrix weighted global ultradifferentiable functions of Roumieu type

app
Simy(RY) == {f € C>*(R?): InL,A,C>0: sup ”Xa—f”;" < C}
apeng hlatBIME)

2R.W. Braun, R. Meise, B.A. Taylor, Ultradifferentiable functions and Fourier analysis,
Results Math. 17 (1990), no. 3-4, 206-237
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Applications: anisotropic ultradifferentiable setting

Weight matrix
= {(MM) 550 : MY = (M), 0, MY = 1, M) < MED Vo € N, A < 1}

The matrix weighted setting allows to treat at the same time classes in the sense
of Denjoy-Carleman (estimates of the derivatives with a sequence) and in the sense
of Braun, Meise and Taylor? (estimates of the derivatives via a weight function).

Matrix weighted global ultradifferentiable functions of Roumieu type

P || oo
S (RY) :={f € C*(R?Y): InA\,C>0: su X0 lloe. <C
{M}( ) { ( ) N ,BeF;\Id h|a+3\/\/]( ) = }

Matrix weighted global ultradifferentiable functions of Beurling type

X Bf
Somy(R?) := {f € C°(R?): Vh,A>03Chr>0: sup Ix*07Flloe.

< Cha}
a.peng hlotBIMO)

2R.W. Braun, R. Meise, B.A. Taylor, Ultradifferentiable functions and Fourier analysis,
Results Math. 17 (1990), no. 3-4, 206-237
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ASSUMPTIONS in the Roumieu case : (Langenbruch® for M®) = (M,,),,cne)

yd
"0

YAS 03k > AA>1: MY, < AHIME) vaeNg 1<j<d (4)
YA> 03k > A\ B,C,H>0: o2MY) < BtV Yo, 3 e N (5)
YA> 03k 2 AA>1: MOMY < AlHIME) - va, g e NG (6)

3M. Langenbruch, Hermite functions and weighted spaces of generalized functions,
Manuscripta Math. 119, n. 3 (2006), 269-285.
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ASSUMPTIONS in the Roumieu case : (Langenbruch® for M®) = (M,,),,cne)

yd
"0

YAS 03k > AA>1: MY, < AHIME) vaeNg 1<j<d (4)
YA> 03k > A\ B,C,H>0: o2MY) < BtV Yo, 3 e N (5)
YA> 03k 2 AA>1: MOMY < AlHIME) - va, g e NG (6)

@ (4) implies that the space is closed under differential operators

3M. Langenbruch, Hermite functions and weighted spaces of generalized functions,
Manuscripta Math. 119, n. 3 (2006), 269-285.
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ASSUMPTIONS in the Roumieu case : (Langenbruch® for M®) = (M,,),,cne)

Jd

0
YA> 03k > AA>1: MY, < ACHIME) vaeNg 1< <d (4)
YA> 03k > A\ B,C,H>0: o2MY) < BtV Yo, 3 e N (5)

YA> 03k 2 AA>1: MOMY < AlHIME) - va, g e NG (6)

a+p

@ (4) implies that the space is closed under differential operators
@ (5) ensures existence of Hermite functions H, in the space

3M. Langenbruch, Hermite functions and weighted spaces of generalized functions,
Manuscripta Math. 119, n. 3 (2006), 269-285.

Chiara Boiti (Universita di Ferrara, Italy)

Construction of the log-convex minorant sequence



ASSUMPTIONS in the Roumieu case : (Langenbruch® for M®) = (M,,),,cne)

Jd

0
YA> 03k > AA>1: MY, < ACHIME) vaeNg 1< <d (4)
YA> 03k > A\ B,C,H>0: o2MY) < BtV Yo, 3 e N (5)

YA> 03k 2 AA>1: MOMY < AlHIME) - va, g e NG (6)

a+p

@ (4) implies that the space is closed under differential operators
@ (5) ensures existence of Hermite functions H, in the space
(]

(6) implies that the space is closed under multiplication

3M. Langenbruch, Hermite functions and weighted spaces of generalized functions,
Manuscripta Math. 119, n. 3 (2006), 269-285.
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ASSUMPTIONS in the Roumieu case : (Langenbruch® for MY = (M,,),, )

d
YA> 03k > AA>1: MY, < ACHIME) vaeNg 1< <d (4)

YA> 03k > A\ B,C,H>0: o2MY) < BtV Yo, 3 e N (5)

YA> 03k 2 AA>1: MOMY < AlHIME) - va, g e NG (6)

@ (4) implies that the space is closed under differential operators
@ (5) ensures existence of Hermite functions H, in the space

@ (6) implies that the space is closed under multiplication

° (

optimal: Hp in the space and (6) imply (5)

6
5

~— ~— ~— ~—

3M. Langenbruch, Hermite functions and weighted spaces of generalized functions,
Manuscripta Math. 119, n. 3 (2006), 269-285.
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ASSUMPTIONS in the Roumieu case : (Langenbruch® for MY = (M,,),, )

YA> 03k > AA>1: MY, < ACHIME) vaeNg 1< <d (4)

YA> 03k > A\ B,C,H>0: o2MY) < BtV Yo, 3 e N (5)

YA> 03k 2 AA>1: MOMY < AlHIME) - va, g e NG (6)
@ (4) implies that the space is closed under differential operators
o (5
° (
° (

ensures existence of Hermite functions H, in the space
6

5

implies that the space is closed under multiplication
optimal: Hp in the space and (6) imply (5)

~— ~— ~— ~—

@ In the 1-dimensional case log-convexity (M = 1) implies (6) with A =1

@ In the d-dimensional case: M, = a®/2gmax{al,az} ig log-convex and satisfies
(4) and (5) but not (6) (with convention 0° := 1)

3M. Langenbruch, Hermite functions and weighted spaces of generalized functions,
Manuscripta Math. 119, n. 3 (2006), 269-285.
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Importance of Hermite functions

ASSUMPTIONS in the Beurling case :
VA>00 <k <ANA>1:

M), < ACHIMP) va eNg 1< j<d @)
YA>030< k<A H>0:YC>03B>0:
« K % % A
a®?M{? < BClIHIePIME) | va, e Ng (8)
YA>030 <k < A\A>1:
K K % A
MEIMSD) < Al va, B e NY. 9)
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Importance of Hermite functions

ASSUMPTIONS in the Beurling case :
VA>00 <k <ANA>1:

M), < ACHIMP) va eNg 1< j<d @)
YA>030< k<A H>0:YC>03B>0:
« K % % A
a®?M{? < BClIHIePIME) | va, e Ng (8)
YA>030 <k < A\A>1:
K K % A
MEIMSD) < Al va, B e NY. 9)

The delicate question of non-triviality

Let M) = (Ma)aeNg'

o If wm(t) = o(t?), as t — +oo,then S(pqy(R?) is nontrivial (all Hermite
functions are contained in this class).
If 2 = O(wm(t)) then Siug(R?) = {0}.

@ Analogously, in the Roumieu case ww(t) = O(£?) implies that Sy (RY) is
nontrivial but t2 = o(wwm(t)) implies Saqy (RY) = {0}.
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Characterization of inclusion relations

Theorem (Boiti-Jornet-Oliaro-Schindl)

Let M = {(MW),50} and NV = {(NWM)),-0} be two weight matrices and assume
that M is log-convex (i.e. {/\/I((}A)},,, is log-convex for all \). Then:
o Let M satisfy (4)-(6) and N satisfy (4)-(5). Then
(a) Siamy(RY) C Spary(RY) holds (with continuous inclusion);
& (b) M{=IN, ie VA>03k>0,C>1: MY < cloING Vo e N§.
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Characterization of inclusion relations

Theorem (Boiti-Jornet-Oliaro-Schindl)

Let M = {(MW),50} and NV = {(NWM)),-0} be two weight matrices and assume
that M is log-convex (i.e. {/\/I((}A)},,, is log-convex for all \). Then:
o Let M satisfy (4)-(6) and N satisfy (4)-(5). Then
(a) Siamy(RY) C Spary(RY) holds (with continuous inclusion);
& (b) M{=IN, ie VA>03k>0,C>1: MY < cloING Vo e N§.
o Let M satisfy (7)-(9) and A satisfy (7)-(8). Then
(a) Sy(RY) C Sy (R?) holds (with continuous inclusion);
& (b) M(X)N, ie. VA>03k>0,C>1: MP < cloIND Vo e NY.
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Characterization of inclusion relations

Theorem (Boiti-Jornet-Oliaro-Schindl)

Let M = {(MW),50} and NV = {(NWM)),-0} be two weight matrices and assume
that M is log-convex (i.e. {/\/I((}A)},,, is log-convex for all \). Then:
o Let M satisfy (4)-(6) and A satisfy (4)-(5). Then
(a) Siamy(RY) C Spary(RY) holds (with continuous inclusion);
& (b) M{=IN, ie VA>03k>0,C>1: MY < cloING Vo e N§.
o Let M satisfy (7)-(9) and A satisfy (7)-(8). Then
(a) Sy(RY) C Sy (R?) holds (with continuous inclusion);
& (b) M(X)N, ie. VA>03k>0,C>1: MP < cloIND Vo e NY.
o Let M satisfy (4)-(6) and A satisfy (7)-(8). Then
(a) Spap(RY) C Sy (R?) holds (with continuous inclusion);
& (b) M AN, ie VA k>0vh>03C>1: MY < Ch NS va e NE.
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Application of M = sup —*—— in the proof

expwm(s)

Assuming that the inclusion S v (R?) € Sny(R?) is continuous
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in the proof

Application of M = sup

expw (s)

Assuming that the inclusion Sy (R

7) C Sy(RY) is continuous we first proved
that for all £ € N there exist j € N and C Z

such that

wnaso (€s) < log C + wpasn (2)s), Vs € (0, +00).
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Application of M = sup —*—— in the proof

expwm(s)

Assuming that the inclusion S (R?) C Sny(R?) is continuous we first proved
that for all £ € N there exist j € N and C > 1 such that

wnaso (€s) < log C + wpasn (2)s), Vs € (0, +00).
Then
tOé

NA/D > N(}l/f) le—  u PRV,
5 > (NG) te(ofx)dexpw.\.(lm(t)
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in the proof

Application of M = sup

expw (s)

Assuming that the inclusion S (R?) C Sny(R?) is continuous we first proved
that for all £ € N there exist j € N and C > 1 such that

wNu/z)(ﬁs) <log C + wM(l/j)(QjS), Vs € (0,+00)d.
Then

tDé
N/ > (NA/Oye — ¢
@ = (V") t€(0, +poo)d expwyaso (t)
R
s€(0,+00)d expwnaso(ls) — C 56(0,+poo)d exp wwai (2)s)
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Application of M = sup

in the proof

expw (s)

Assuming that the inclusion Sy (R

7) C Sy(RY) is continuous we first proved
that for all £ € N there exist j € N and C Z

such that
wnaso (€s) < log C + wpasn (2)s), Vs € (0, +00).
Then

tDé
VOO s (NWOYe — oy T
oz (NE= s oo (D)

(¢s) (e s“
= su _ > — p _—
s€(0,+00)? EXP W(1/e) (55) C s€(0,+00)d exp wM(1/j)(2jS)
£)" ol
e % _ 1 <£> )
C tc(0,+00)7 EXP wmasi (t) C\2j ¢
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Application of M = sup

in the proof

expw (s)

Assuming that the inclusion Sy (R

7) C Sy(RY) is continuous we first proved
that for all £ € N there exist j € N and C Z

such that

wnaso (€s) < log C + wpasn (2)s), Vs € (0, +00).

Then
tDé
NO/O = (NE/OYe — gup
) = (N7) t€(0,+00)d EXP WNA/O) y(t)
(¢s) (e s“
= su —_— > — p —F
s€(0,+00)d EXPWN(1/0) (55) C s€(0,+00)? EXP wM(1/j)(2jS)
)" o
_ % _1 (€> )
C t€(0,+00) EXP wM(1/j)(t) C \2j @
ie. M(=)N O
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Thank you for your attention! )
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Happy Birthday Pepe!!! )
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