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As the title of a chapter leads to studying a problem

With R. Cardeccia, K-G. Grosse-Erdmann and S. Muro, we study:

What operators satisfy,
Ix:T'x—>y#0=3z:{T"z:neN} =X J

We prove that this is true:
for M in A2(D),
in H2(ID) under certain restrictions.
In Dirichlet space? We don’t know the answer.
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Mean ergodicity

Let X be a Banach space.
B(X) denotes the space of bounded linear operators defined on X,
X* is the space of continuous linear functionals on X.

In our setting, X will always be a Hilbert space, and thus X* can be
identified naturally with X.

Given T € B(X), we denote its Cesaro mean by M,(T), which is given
by

for all x € X.
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Definition
A linear operator T on a Banach space X is called:

@ Power bounded (PB) if there is a C > 0 such that || T"|| < C for all
n

@ Cesaro bounded (CB) if the sequence (Mx(T)),,y is bounded.
© Mean ergodic (ME) if M,(T) converges in the strong topology of X.
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T'x
n+1

Mn_1 X

nX

S+
Thus if T is mean ergodic, then TX — 0, Vx € X.
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Thus if T is mean ergodic, then TX — 0, Vx € X.

If T is Cesaro bounded in a reflexive Banach space and L"x — 0,
Vx € X, then T is mean ergodic.
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Thus if T is mean ergodic, then TX — 0, Vx € X.

Theorem

If T is Cesaro bounded in a reflexive Banach space and L"x — 0,
Vx € X, then T is mean ergodic.

| A\

Corollary

If T is power bounded in a reflexive Banach space, then T is mean
ergodic.

A. Bonilla Mean ergodicity of multiplication operators in Universidad de La Laguna It is part of a work



T'x
n+1

Mn_1 X

nX

S+
Thus if T is mean ergodic, then TX — 0, Vx € X.

Theorem

If T is Cesaro bounded in a reflexive Banach space and L"x — 0,
Vx € X, then T is mean ergodic.

Corollary

If T is power bounded in a reflexive Banach space, then T is mean
ergodic.

| A,

Proposition

If T is Cesaro bounded, the spectrum o(T) is contained in the closed
unit disc.
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We assume a > —1 and we consider the weighted Dirichlet space D,
consisting of all analytic functions f(z) = ¥~ anz" defined over the
unit disc D with

£, = ¥ (n+1)""%|anf* < eo.

n>0

These are all Hilbert spaces. In particular, for « = 0,1,2, we obtain the
classical Dirichlet D, Hardy H? and Bergman A? spaces.

A. Bonilla Mean ergodicity of multiplication operators in Universidad de La Laguna It is part of a work



en(z) = (n+1)*FTaz” form an orthonormal basis in D.

The operator multiplication by z, M,, is a forward weighted shift of the
form

1-a

n+2y\ 2z
Mzen: <> en+1.
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On the other hand, for fixed o > —1, we can consider an equivalent
norm || - || defined on Dy by

’
IF][2 = 1£(0)[2 + ;/le’\zﬁ —~|z[*)*dA.
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Theorem
Let M; and M} act on Dy,.

a) My and M} are mean ergodic in Dy, if oo > 0. (Aleman-Suciu and
Bermudez-B-Muller-Peris)

b)M, and M; are not (CB) when o = 0. ( Bermudez-B-Muller-Peris)

A. Bonilla Mean ergodicity of multiplication operators in Universidad de La Laguna It is part of a work



Let a > 1. Denote by ||f||. = sup,cp |f(2)]-

Theorem

Leto > 1 and ¢ € Dy, and define M acting on D,. Then the following
are equivalent:

(a) My and My are (PB).
(b) My and M are (CB).
©) loll.<1.

Proof.

(@)= (b) is trivial.

(b) = (c), since M, is (CB) then the spectrum o (M, ) is contained in
closure of the unit disc. Since o(M,) = ¢(D), then ¢« < 1.

| A\

(c) = (a) reduces to using that || Mj|| = [My || = [|¢ || hold. Therefore
Mg <1 forall n. O
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Definition
A positive Borel measure on the open unit disc u is called a Carleson
measure for Dy, if there is a constant C such that

| I < clgl,

for all g € Dy,.
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Power bounded

Suppose —1 < a <1, ¢ € Mp,, ||¢]l. <1 and (1 |¢‘\2) (1—|z|?)*dA is a
Carleson measure for Dy. Then My and M; are (PB).

Proof

|
A

Moot = 19°1 @)+ = [ [(0"1) (1~ |2y <
We split (¢"f) = ¢"f' 4 (¢™)' f to bound the norm of M”f with

2
242 [ o721~ 12R)"dA+ 2 [ [fRI(6")2(1 - 12) A
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Proof
LITRI@™ PG~ 12P) A= [ |f2IP16% 214/ 2(1 - |2/2)*aA <

2,21 202171 _ (4|2 ¢/ [? _ a
g/Drf|n|¢ (=101 gy~ 121%) A

Now we can use that x"~1(1 - x2) < 2 for 0 < x < 1, applied to |¢|2, so
that the right-hand side is bounded by

4 f2 91 1 dA < C||f||2
\I —10P)e s(1—1z%)*aA< C|f||5,,

where the last inequality comes as a direct consequence of the
Carleson measure assumption. O
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Recall that a reproducing kernel Hilbert space (RKHS) H over D is a
Hilbert space with the property that for each w € D, there exists a
unique function kg, € H such that

f(z) = (f,Kkz).

Thus, from the Cauchy-Schwarz inequality, we obtain

1F(2)] < [Iflll| Azl
C 113 if 0<a<t
2 - (1—z[2)® )
) {C'°€1—zz||fH2a it a=0. "
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Corollary

Let¢p € Mp, with0 < ot <1 and 9] < 1.
(8) Ifa>0 and [(+57)20A < e, then M, and M are (PB).

(b) Ifor=0 and [y log
(PB).

02124 < oo, then M and M;; are
o) ¢

1-|z?

| A\

Proof

f2 |9'|2 152\ 2
¢l | |¢|2)2(1 2|%)*dA < C|f|3,

191)2(1 - |z]2)*dA is a Carleson measure for Dj,. O

A\
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Letp € Mp, for0 < a < 1. If ¢ : D — D is univalent and ¢(ID) has finite
hyperbolic area, then My and M are (PB).

Proof.

If G:= ¢ (D) has finite hyperbolic area, then [
Thus

,
[jzp OA < e

9 \* ,, 1
/1»(1—|¢|2> = [ A<

A. Bonilla Mean ergodicity of multiplication operators in Universidad de La Laguna It is part of a work



In particular, if ¢ : D — D is univalent and ¢ (D) C D has boundary
contacting the circle only at the point 1 and furthermore, that near 1, G
lies between the graph of y = (1 — x)? and its reflection in the x-axis.
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Cesaro boundedness

Let ¢ € Mp, with—1 < a <1, |¢].<1 and 1¢q§fz)| (1—1|z[2)*dA be a

Carleson measure for Dy. Then My and M; are (CB).

| A\

Corollary

Suppose ¢ € Mp, with0 < o <1 and ||¢||.. < 1. Suppose any of the
following hold:

() a>0and fy|Zs ¢|2dA<oo
(b) a=0and flog 1_‘Z|2]1¢(§)ZZ)|2dA< oo,

Then My and M; are (CB) (in the corresponding Dy,).
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In particular that M, is Cesaro bounded in D,, for a > 0. Indeed, a well
known inequality (see Aleman-Persson) assures that

f(2)[? 2\a 2
A1 — < .
| gl - lzPeoA< clnid,

Thus (I ‘z“g) dAis a Carleson measure for D,,.
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For z € D and 6 # 0 define ¢ by

io 1 —Z 1+z

o(z)=¢€ -T-e‘ﬁ.

Then M, is Cesaro bounded when acting on the Dirichlet space

Proof.

We need show that [, log -—— |Z|2|1 ¢(Z |2dA is bounded.

We can deduce from Galanopoulos, Girela, M. J. Martin that they
prove that fDIogJW|¢’(z)|2dA is finite. Then we can use that
[1—¢(z)|>c>0.

| A

\
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Mean ergodicity

Leta € (—1,1) and ¢ € Mp,. Then My is (ME) if and only if it is (CB).

Proof.

(=) Any mean ergodic operator is Cesaro bounded.

(«) Since M, is Cesaro bounded and the space is reflexive, it is
sufficient to establish that for all f € Dy, we have w — 0 (as N — o).

The (CB) property implies already that ||¢||.. < 1, and if |¢(z2)| =1 at

some z € D then ¢ must be constant and ‘ T"’HD — 0.

| A\
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We can otherwise assume that |¢(z)| < 1 for all z € D. We want to
study the quantity

¢"(0)f(0) [°
n

il = [ 9"y I(1 - 12P) oA
nPr Jo

2 2 _
?n/ [o"F'|2(1 —\212)“dA+*/ 21071 2[12(1 — |2|%)aA
D T JD

2
The first integral can be bounded by 2“2% using that |¢| < 1.
For second integral we use Lebesgue dominated convergence

Theorem. It can be applied since its integrand is vanishing (because
|¢| < 1) and bounded above by |f(2)|?|¢'|?(1 — |z|?)*, and use that
|¢'|?(1 — |z|?)%is a Carleson measure, since ¢ is a multiplier. O

A. Bonilla
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Fora >0, M is (ME) in Dy,.
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Fora >0, M is (ME) in Dy,.

LetO<a < 1beand¢ c Mp,. When o € (0,1) assume moreover that
Jp|0'(2)]2dA < o (that is, ¢ is in the classical Dirichlet space). When
o =0, assume | log QW|¢'(z)yZdA < eo. Then M; is (ME) if and only
ifitis (CB).
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LetO<a<1,¢eMp, and|¢|.<1.If |2
and M; are (ME).

\2dA < oo, then M,

1— q)(z

For the classical Dirichlet space we obtain the following:

Let ¢ € Mp, and ||¢]|. < 1. If [ log = ‘2‘2\1 s Z)]QdA < oo, then M, and
M; are (ME).
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Let ¢(z) = e/®(152)k for some 6 #£0 and k € N, k > 1. Then M, and
Mj; acting on Dy are (ME) but not (PB).

| \

Proof.
2

Notice ||¢ | < 1. Moreover, it is well known that [, |1 — 2|28 log T~z A

is bounded if B > —1 Galanopoulos-Girela-Martin. If we also use that
[1—¢(z2)|>c>0VzeD,we have

/Io -
b 1|22

9'(2)
1-9(2)
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1-Zm  oomea (M Nk
SEm=2 gg(k)( z

g (0o (1) (20

By the Chu-Vandermonde identity gives us that
1—Z 00 _om.(2m—1
- > .
I(—)"IP = 272mm (=
An application of the Stirling approximation formula yields

IG5 =2 2mm (27 1) = B < v

Now, since [|[Mg]| > [|¢"|| and as far as ||(1%Z)“”||2 > C+v/n, M can not
be power bounded. O
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THANK YOU SO MUCH
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