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Origins of the FHT

Origins of the finite Hilbert transform

In the early times of Aerodynamics the following problem was central:
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Origins of the FHT

Origins of the finite Hilbert transform

In the early times of Aerodynamics the following problem was central:

“For a two dimensional flow of an ideal fluid past a thin air-
foil there arise two types of problems: the ‘thickness” problem
and the “lifting” problem; they lead to two different types of
boundary value problem for the complex velocity w = u—iv in

the complex plane of flow, z = x + iy.”
Cheng & Rott, 1954

Guillermo P. Curbera (Univ. de Sevilla) The finite Hilbert transform on (—1, 1) 19.06.2025 4/35



Origins of the FHT

Origins of the finite Hilbert transform

In the early times of Aerodynamics the following problem was central:

“For a two dimensional flow of an ideal fluid past a thin air-
foil there arise two types of problems: the ‘thickness” problem
and the “lifting” problem; they lead to two different types of
boundary value problem for the complex velocity w = u—iv in
the complex plane of flow, z = x + iy.”

Cheng & Rott, 1954

The second problem lead to the “integral equation of the lifting
problem”, also known as the airfoil equation (Tragflache), namely

1 [ Uo(S)
wi) = | ds,
o S—X

where vp(x) := v(x, +0) and up(x) := u(x, +0).

Guillermo P. Curbera (Univ. de Sevilla) The finite Hilbert transform on (—1, 1) 19.06.2025 4/35



Study of the finite Hilbert transform

e The early treatment of the lifting problem and its inversion:

Betz in 1919, Carleman in 1922, Birnbaum in 1923, Munk in 1924,
Glauert in 1924-25, von Karman in 1930, Hamel in 1937, S6hnge
1939.

290 Zeoitschrift fiir angewandte Mathematik und Mechanik Band 3

Die tragende Wirbelflache als Hilfsmittel,
zur Behandlung des ebenen Problems der Tragfliigeltheorie.
Von W. BIRNBAUM in Berlin.!)

(Auf Grund von Rechnungen von W. Ackermann.)

m folgenden wird gezeigt, wie sich die Prandtlsche Theorie des »tragenden Wirbels«?)
im ebenen Problem der Tragfliigeltheorle dazu verwenden lisst, die Verteilung des
Auftriebs nach der Tiefe des Tragdecks in Rechnung zu ziehen und die Abhingigkeit

dieser Vertellung von der Profiltorm zu finden. Daza nebme ich den Uebergang von
der einfachen tragenden Linie zur tragenden (anendlich diinnen) Fliche vor, rechne also
mit der nichsthiheren Niberung (die dritte Niherung wiren Flichenwirbel nul dem Rande

Doalea X\ Tasabun lakh an ale wvesmalamtsas Danbil dnwsh alna in
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Study of the finite Hilbert transform

e Problems in Elasticity Theory led to the study of one-dimensional
Singular Integral Operators by the Soviet School:

Duduchava, Gakhov, Gohberg, Khvedelidze, Krupnik, Mikhlin,
Muskhelishvili, Préssdorf, Vekua.
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Study of the finite Hilbert transform

e Problems in Elasticity Theory led to the study of one-dimensional
Singular Integral Operators by the Soviet School:

Duduchava, Gakhov, Gohberg, Khvedelidze, Krupnik, Mikhlin,
Muskhelishvili, Préssdorf, Vekua.

e The LP-theory for the FHT was studied by:

Tricomi in 1951, Séhngen in 1954, Widom in 1960, Jérgens in 1970.
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Study of the finite Hilbert transform

e Problems in Elasticity Theory led to the study of one-dimensional
Singular Integral Operators by the Soviet School:

Duduchava, Gakhov, Gohberg, Khvedelidze, Krupnik, Mikhlin,
Muskhelishvili, Préssdorf, Vekua.

e The LP-theory for the FHT was studied by:
Tricomi in 1951, Séhngen in 1954, Widom in 1960, Jérgens in 1970.

» Nowadays: a celebrated 1991 paper by Gelfand and Graev has
shown its application to image reconstruction in Tomography.
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The finite Hilbert transform, FHT

The finite Hilbert transform is defined, for f € L' (—=1,1), via the
principal value integral:

Tf(t) := p.V.1J1 @dx, te(—1,1).
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The finite Hilbert transform, FHT

The finite Hilbert transform is defined, for f € L' (—=1,1), via the
principal value integral:

Tf(t) := p.V.1J1 @dx, te(—1,1).

It is related to the solution of the airfoil equation: given g find all
functions f which satisfy
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Boundedness of the FHT in LP

@ Theorem (M. Riesz): For H the Hilbert transform in R:

H: [P(R) - LP(R) < 1< p< .
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Boundedness of the FHT in LP

@ Theorem (M. Riesz): For H the Hilbert transform in R:
H: [P(R) - LP(R) < 1< p< .
@ The result extends to the FHT:
T:LP(-1,1) 5 P(-1,1) = 1 <p< .

This allows to study the LP-theory for the FHT.
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Beyond LP-spaces: Why?
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Beyond LP-spaces: Why?

In 1960 Widom described the fine spectra (point spectrum, residual
spectrum and continuous spectrum) of

T:LP(=1,1) - LP(—1,1):
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Beyond LP-spaces: Why?

In 1960 Widom described the fine spectra (point spectrum, residual
spectrum and continuous spectrum) of

T:LP(=1,1) - LP(—1,1):

There were several cases with empty sets:

opt(Tp) | 0c(Tp) | oc(Tp)
1<p<?2 [0}
p=2 %) %)
2<p<w [0}
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Beyond LP-spaces: Why?

Theorem (COR, 2021)

Let X be a (rearrangement invariant) space such that
Tx=T: X—->X

boundedly. The following alternative holds.

(a) The point spectrum: ow(Tx) + & < L2* c X.

(b) The residual spectrum: o,(Tx) + & <= X < L21,

(c) The continuous spectrum:
0e(Tx) = 0(Tx) — L[>* & X, X & 2.
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The FHT in rearrangement invariant spaces

Beyond LP-spaces. Where?

Rearrangement invariant space (r.i.):
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The FHT in rearrangement invariant spaces

Beyond LP-spaces. Where?
Rearrangement invariant space (r.i.):

A function space where the norm (i.e., membership) of a function does
not depend on its shape, but on its size (i.e., on the measure of its level

sets).
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The FHT in rearrangement invariant spaces

Beyond LP-spaces. Where?
Rearrangement invariant space (r.i.):

A function space where the norm (i.e., membership) of a function does
not depend on its shape, but on its size (i.e., on the measure of its level

sets).
f g f* = g*

LN N

0 1 0 12 1 0 1
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The FHT in rearrangement invariant spaces

Beyond LP-spaces. Where?
Rearrangement invariant space (r.i.):

A function space where the norm (i.e., membership) of a function does
not depend on its shape, but on its size (i.e., on the measure of its level

sets).
f g f* = g*

LN N

0 1 0 1/2 1 0 1

LP spaces, weak LP spaces, Orlicz spaces L®, Lorentz LP9 spaces,
Lorentz A4 spaces, Marcinkiewicz M(y) spaces,.....
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The FHT in rearrangement invariant spaces

Boundedness of the FHT on r.i. spaces

@ Theorem (Boyd): For H the Hilbert transform and X a r.i. space in
R:
H:X—->X < O<ay<ax<1

where ay,ax € [0, 1] are the Boyd indices of X, which measure
the effect of dilations on X:
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The FHT in rearrangement invariant spaces

Boundedness of the FHT on r.i. spaces

@ Theorem (Boyd): For H the Hilbert transform and X a r.i. space in
R:
H:X—->X < O<ay<ax<1

where ay,ax € [0, 1] are the Boyd indices of X, which measure
the effect of dilations on X:

(LOO W?)‘Pds)% _ t1/p(fooo |f(S)|pds)1/p
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The FHT in rearrangement invariant spaces

Boundedness of the FHT on r.i. spaces

@ Theorem (Boyd): For H the Hilbert transform and X a r.i. space in
R:
H:X—->X < O<ay<ax<1

where ay,ax € [0, 1] are the Boyd indices of X, which measure
the effect of dilations on X:

(LOO |f<?>‘Pds>1/p _ ﬂ/p(JOOO |f(S)|pds)1/p

@ Boyd’s result extends to the FHT: for X a rearrangement invariant
space in (—1,1)

T:X->X < O<ay<ax<1.
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Inversion of the FHT

Inversion of the FHT on LP

Let w(x) := +/1 — x2. This inversion result is known since long.
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Inversion of the FHT

Inversion of the FHT on LP

Let w(x) := +/1 — x2. This inversion result is known since long.

Theorem

(i) Let1 < p < 2. Giveng e LP, a function f € LP s a solution of the
airfoil equation T (f) = g if and only if

1 C
f:—WT(gw)+W, CeC.
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Inversion of the FHT

Inversion of the FHT on LP

Let w(x) := +/1 — x2. This inversion result is known since long.

Theorem

(i) Let1 < p < 2. Giveng e LP, a function f € LP s a solution of the
airfoil equation T (f) = g if and only if

1 C
f:—WT(gw)+W, CeC.

4
(i) Let2 < p< 0. Letge LP satisfyf ng(();)) dx = 0. Then, the
—1

airfoil equation T (f) = g admits a unique solution f € LP given by

- r(2).
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Inversion of the FHT

Inversion of the FHT on LP

Let w(x) := +/1 — x2. This inversion result is known since long.

Theorem

(i) Let1 < p < 2. Giveng e LP, a function f € LP s a solution of the
airfoil equation T (f) = g if and only if

1 C
f:—WT(gw)+W, CeC.

4
(i) Let2 < p< 0. Letge LP satisfyf ng(();)) dx = 0. Then, the
—1

airfoil equation T (f) = g admits a unique solution f € LP given by

- r(2).

Note: the above result excludes L2.
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Inversion of the FHT

Inversion of the FHT on r.i. spaces

Theorem (COR, 2019)
Let X be ar.i. space on (—1,1).
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Inversion of the FHT

Inversion of the FHT on r.i. spaces

Theorem (COR, 2019)
Let X be ar.i. space on (—1,1).
(i) Let1/2 < ay <ax < 1. Giveng € X, a function f € X is a solution
of the airfoil equation T (f) = g if and only if

—1 C
f=W T(Wg)+w, CeC.
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Inversion of the FHT

Inversion of the FHT on r.i. spaces

Theorem (COR, 2019)
Let X be ar.i. space on (—1,1).

(i) Let1/2 < ayx <ax < 1. Giveng e X, a function f € X is a solution
of the airfoil equation T (f) = g if and only if

—1 C
f:W T(Wg)+w, CeC.

1
(i) LetO < ay <ax <1/2. Letge X satisfyf fv(())(()) dx = 0. Then,
1

the airfoil equation T(f) = g admits a unique solution f € X given

by
f——w T(%).
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Inversion of the FHT

Inversion of the FHT on r.i. spaces

Theorem (COR, 2019)
Let X be ar.i. space on (—1,1).

(i) Let1/2 < ayx <ax < 1. Giveng e X, a function f € X is a solution
of the airfoil equation T (f) = g if and only if

—1 C
f:W T(Wg)+w, CeC.

1
(i) LetO < ay <ax <1/2. Letge X satisfyf 5((’3 dx = 0. Then,
1

the airfoil equation T(f) = g admits a unique solution f € X given

by
f——w T(%).

Note: the conditions above exclude spaces like L2, L3, [2*,
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e The spectrum of the FHT
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The spectrum of the FHT in LP

Rp:{i1}u{/\e(C:217T argcti)‘g';_gl}.
ICOt(ﬂ'/p)
Rp =Ry
I'COt(ﬂ-/p/)
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The spectrum of the FHT

The spectrum of the FHT in LP

Theorem (Widom, 1960)
Let1 < p < . For the operator Tp: LP(—1,1) — LP(—1,1) we have

Moreover:
opt(Tp) | or(Tp) oe(Tp)
1<p<2 |int(Rp) %) ORp
p=2 %) (&) Ro=[-1,1]
2<p<w %) int(Rp) ORp

Guillermo P. Curbera (Univ. de Sevilla) The finite Hilbert transform on (—1, 1)

19.06.2025 20/35




The spectrum of the FHT

The point spectrum of Tx

Theorem (COR, 2021)
For ar.i. space X with0 < ay < ax < 1 we have

Tx: X — X.

Let
px = inf {p e (1,00): |x|"VPe x}.
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The point spectrum of Tx

Theorem (COR, 2021)
Forar.i. space X with0 < ay <ax <1 we have
Tx: X — X.
Let
px = inf {pe (1,00) : |x|"1/P e x}.

Then

(a) Ifpx > 2 orpx =2 and it is attained, then oy (Tx) = .
(b) Ifpx <2 and py it is attained, then o (Tx) = Rp, \{£1}.
(c) If px < 2 and itis not attained, then oy (Tx) = int(Rp, ).
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The spectrum of the FHT

The residual spectrum of Ty

Theorem (COR, 2021)
For a r.i. separable space X with0 < ay <ax <1 we have

Tx: X — X.

Let
ax = sup{qe (1,00): X < qu1}.
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The residual spectrum of Ty

Theorem (COR, 2021)
For a r.i. separable space X with0 < ay <ax <1 we have
Tx: X — X.

Let
ax = sup{qe (1,00): X < qu1}.

Then

(a) Ifgx > 2 and qx is not attained, then o.(Tx) = int(Rg, ).
(b) If gx = 2 and qx is attained, then o.(Tx) = Rq, \{£1}.
(c) Ifgx <2 orgx =2 and itis not attained, then o.(Tx) = &.
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The spectrum of the FHT

The continuous spectrum of Ty

@ The identification of the continuous spectrum of Ty is, in general,
rather complicated.
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The continuous spectrum of Ty

@ The identification of the continuous spectrum of Ty is, in general,

rather complicated.
@ A partial result:

Theorem (COR, 2021)
Let X be a separable r.i.s. with0 < ay <ax < 1. Then

O'(TX) - R1/9X U R1/Ex'

The proof uses results on interpolation of operators.
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The spectrum of the FHT

The fine spectra of Ty

Theorem (COR, 2021)
Let X be a separable r.i. space with0 < ay = ax < 1. Then

o(Tx) = Ry
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The spectrum of the FHT

The fine spectra of Ty

Theorem (COR, 2021)
Let X be a separable r.i. space with0 < ay = ax < 1. Then

Tx) = Rp,,
and o(Tx) Px
O‘(Tx) = RPX a./n.a. Upt(TX) O‘r(Tx) UC(T)()
px <2 n.a. int(Rpy) %) ORpy
a. Rp\{+1} %) {1}
px > 2 n.a. ) int(Rp, ) OR py
a. %) Rp \{£1} {£1}
px =2 pPx a. (—1,1) 0] {£1}
qx a. %) (=1,1) {£1}
Px,Qqx n.a. %) %} Ro = [-1,1]

v
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The spectrum of the FHT

For the Lorentz LP" spaces

Theorem (COR, 2021)
Let1 <p<wand1<r<ow. ThenTy,: LP" — [P" and
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The spectrum of the FHT

For the Lorentz LP" spaces

Theorem (COR, 2021)
Let1 <p<wand1<r<ow. ThenTy,: LP" — [P" and

Moreover:

LPr o(Tpr) = Rp | op(Tpr) | oc(Tpr) | 0e(Tp,r)
T<p<2]| 1<r<ow | int(Rp) %) oRp
2<p<w r= %] Rp\{£1} | {£1}

1<r<w %] int(Rp) ORp
D=2 r=1 & (1,1 | {1}
1<r<ow %] %] [—1,1]
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e The FHT on the Zygmund space LlogL
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The Zygmund space LlogL

@ The Zygmund space is

LiogL :— {f _1,1) CJ X)| log™ | f(x )ydx<oo}.
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The Zygmund space LlogL

@ The Zygmund space is

LiogL :— {f 1) >C: J X)| log™ |(x)| dx < oo}.
J t»= |J XgclogLsl!.
1<p<o O<ay<ax<i
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The Zygmund space LlogL

@ The Zygmund space is

LiogL :— {f 1) >C: J X)| log™ |(x)| dx < oo}.
J t»= |J XgclogLsl!.
1<p<o O<ay<ax<i

@ The finite Hilbert transform

T: LlogL — L' is bounded.
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The Poincaré-Bertrand formula

Changing the order on integration in repeated Cauchy principal value
integrals:

T(gT(h) +T(g)) = T(NT(g) ~fg, ae.on(~1,1).

Hardy 1909, Poincaré 1909, Bertrand 1923, Muskhelishvili 1946,
Tricomi 1957: fe LP, g e L9 with1/p+ 1/q < 1, Love 1977: with
1/p+1/g=1.
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The FHT on the Zygmund space LlogL

The Poincaré-Bertrand formula

Changing the order on integration in repeated Cauchy principal value
integrals:

T(gT(h) +T(g)) = T(NT(g) ~fg, ae.on(~1,1).

Hardy 1909, Poincaré 1909, Bertrand 1923, Muskhelishvili 1946,
Tricomi 1957: fe LP, g e L9 with1/p+ 1/q < 1, Love 1977: with

1/p+1/g=1.
Theorem (COR, 2024)
Letfe L* and g € LlogL. Then

T(gT(h) +1T(g)) = T(NT(g) ~ g, ae on(-1,1).
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The FHT on the Zygmund space LlogL

A~

The pseudo-inverse T

@ The pseudo-inverse for T: LP — [Pwhen 1 < p < 2is

~ —

Tg(x) := WT(QW)(X), xe(—=1,1).

In 1958 Khvedelidze proved, for 1 < p < 2, that

T:LP— [P boundedly.
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The FHT on the Zygmund space LlogL

A~

The pseudo-inverse T

@ The pseudo-inverse for T: LP — [Pwhen 1 < p < 2is

~ —

Tg(x) := WT(QW)(X}, xe(—=1,1).

In 1958 Khvedelidze proved, for 1 < p < 2, that

T:LP— [P boundedly.

@ In order to apply extrapolation we need a precise bound on the
norm

| T|pmzr when pis near 1.
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Bound on | T + T|ze_p

Given 3,v€ (0,1) with 1 < (8 + ~) let

1 1 1

Then we have:

codg
* | e <o

1
at 24c(B,7)

] < , —-1,1).

| e <mompee xe Y

@ If 1 < p < 2and J satisfies 25"} < p < min{%,(p— 1)},then

1T+ Tl < 222 (e(5.5+99)) " (o(5.09)) "
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N
T on LlogL

Theorem (COR, 2024) For 1 < p < 3/2 we have

A 72+/2 3
1T | oie < p‘r n

-1 p-1

This result, together with a general version of Yano’s extrapolation
theorem, allows to prove

Theorem (COR, 2024) For g = 0, we have
T: L(log L)'"*? - L(log L)?
boundedly. In particular,

T: LlogL — L' is bounded.

Guillermo P. Curbera (Univ. de Sevilla) The finite Hilbert transform on (—1, 1) 19.06.2025 31/35



S
Tand T

The following diagram illustrates the action of T and T in various
spaces.

L(log L)3 L(log L)? L(log L)
\ \4
L(log L) —— L'
/
— L

P2

(log L)

\ L(log L)?
B

L(log L)® —— L(log L)?
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Inversion of the FHT on LlogL

Theorem (COR, 2024)
(i) The range of T: LlogL — L' is

T(LlogL) = {g eL': T(g) e LiogL, T(T(g)) = g}.

(i) Forge T(LloglL) all solutions f to the airfoil equation T (f) = g are
of the form

—1 C
f=W T(Wg)+w, CeC.

(i) In particular, the above holds for g € L(logL)?.
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The FHT on the Zygmund space LlogL

Some refs: Curbera, Okada, Ricker

@ The finite Hilbert transform acting in the Zygmund space Llog L,
Annali della Scuola Normale Superiore di Pisa, 2024.

@ The fine spectra of the finite Hilbert transform in function spaces,
Advances in Mathematics, 2021.

@ Inversion and extension of the finite Hilbert transform on (-1,1),
Annali di Matematica Pura ed Applicata, 2019.
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The FHT on the Zygmund space LlogL

Thank you for your attention

y... moltes felicitats, Pepe!
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