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6Weight sequences and sectors

M = (Mn)
∞
n=0 is a sequence of positive real numbers with M0 = 1.

M is a weight sequence (w.s.): if M is logarithmically convex (lc),

i.e., for all n ∈ N≥1: M2
n ≤Mn−1Mn+1, and if limn→∞M

1/n
n =∞.

The sequence of quotients is m = (mn :=Mn+1/Mn)
∞
n=0.

M is w.s. if and only if m is nondecreasing and lim
n→∞

mn =∞.

R stands for the Riemann surface of the logarithm. For γ > 0, we write
Sγ := {z ∈ R : |arg(z)| < γ π

2 } and we write S for any sector.
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7Uniform M -asymptotic expansion

Given h > 0, we say that f ∈ H(S) admits f̂ =
∑
k≥0 akz

k ∈ C[[z]] as
its uniform M -asymptotic expansion in S (of type 1/h) if

∃C > 0 : ∀n ≥ 0, ∀z ∈ S,

∣∣∣∣∣f(z)−
n−1∑
k=0

akz
k

∣∣∣∣∣ ≤ ChnMn|z|n.

The space of functions admitting uniform M -asymptotic expansion of
type 1/h in S is denoted by ÃuM ,h(S) and it is endowed with the norm

‖f‖
M ,h,

∼
u
:= sup

z∈S,n≥0

|f(z)−
∑n−1
k=0 akz

k|
hnMn|z|n

,

which makes it a Banach space.
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8Carleman classes

Given h > 0, we say that f ∈ H(S) belongs to the class AM ,h(S) if

‖f‖M ,h := sup
z∈S,n≥0

|f (n)(z)|
hnMn

<∞,

and (AM ,h(S), ‖ · ‖M ,h) is a Banach space

Given h > 0, the class of formal power series is defined by

C[[z]]M ,h =
{
f̂ =

∞∑
n=0

anz
n ∈ C[[z]] :

∣∣∣ f̂ ∣∣∣
M ,h

:= sup
n≥0

|an|
hnMn

<∞
}
,

and (C[[z]]M ,h, | · |M ,h) is a Banach space
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9Spaces of Roumieu and Beurling type

We will consider the Roumieu-type spaces,

Ãu{M}(S) :=
⋃

h>0
ÃuM ,h(S),

and, similarly, A{M}(S) and C[[z]]{M}, which are (LB) spaces.

We will also consider the Beurling-type spaces

Ãu(M)(S) :=
⋂

h>0
ÃuM ,h(S),

and, similarly, A(M)(S) and C[[z]](M) which are Fréchet spaces.

We write A[M ](S), Ãu[M ](S) or C[[z]][M ], when a statement is valid for
both Roumieu type and Beurling type.
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10Asymptotic Peano-Borel map

Let M be a sequence, M̂ = (n!Mn)
∞
n=0, h > 0, and S be a sector.

(a) The inclusion map A
M̂ ,h

(S) ↪→ ÃuM ,h(S) is continuous.

Consequently, A
[M̂ ]

(S) ↪→ Ãu[M ](S) is continuous.

(b) If T is a proper subsector of S, then there exists c = cT,S > 0, such

that the restriction map from ÃuM ,h(S) to A
M̂ ,ch

(T ) is continuous

and it is also continuous from Ãu[M ](S) to A
[M̂ ]

(T ).

The asymptotic Peano-Borel map B̃ sends a function f ∈ ÃuM ,h(S)

into its M -asymptotic expansion f̂ ∈ C[[z]]M ,h.

So B̃ may be defined from Ãu[M ](S) or A
[M̂ ]

(S) into C[[z]][M ] and it is

continuous when considered between the corresponding (LB), Fréchet
or Banach spaces.
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11Surjectivity intervals

The surjectivity intervals defined by

S
[M̂ ]

:={γ > 0 : B̃ : A
[M̂ ]

(Sγ) −→ C[[z]][M ] is surjective},

S̃u[M ] :={γ > 0 : B̃ : Ãu[M ](Sγ) −→ C[[z]][M ] is surjective}.

are either empty or left-open intervals having 0 as endpoint,

We have that (S̃u[M ])
◦ ⊆ S

[M̂ ]
⊆ S̃u[M ].

Linear and continuous operators right inverses for the asymptotic Borel
map are called extension operators.

They can be global, defined from C[[z]][M ] into Ãu[M ](S) or A
[M̂ ]

(S)

(with their respective (LB) or Fréchet space structures), or local, at the

level of Banach spaces, defined from C[[z]]M ,h into some ÃuM ,h′(S) or
A

M̂ ,h′
(S) for suitable h′ depending on h.
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12Additional conditions

We say M and L are equivalent, denoted M ≈ L, if there exist
h1, h2 > 0 such that for all n ≥ 0: hn+1

1 Ln ≤Mn ≤ hn+1
2 Ln.

If M ≈ L, then the corresponding classes coincide.

M is derivation closed (dc) if

∃C0 > 0, ∃H > 1 : ∀n ≥ 0, Mn+1 ≤ C0H
n+1Mn.

M has moderate growth (mg) if

∃C0 > 0, ∃H > 1 : ∀n, k ≥ 0, Mn+k ≤ C0H
n+kMnMk.

Conditions (dc) and (mg) are preserved under equivalence.

If M has (mg), then M is (dc).
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13Gamma index

For a w.s. M , Thilliez’s gamma index is given by

γ(M) = sup{γ > 0 : (mn/(n+1)γ)∞n=0 is almost increasing} ∈ [0,∞].

Given β > 0, we say thatm satisfies the (Schmets-Valdivia) condition
(γβ) if there exists A > 0 such that for all n ≥ 0:

∞∑
`=n

1

(m`)1/β
≤ A(n+ 1)

(mn)1/β
.

[J.J.-G., J. Sanz, G. Schindl (2019)] For any w.s. M , we have that

γ(M) > β ⇐⇒ m satisfies (γβ).

In fact, γ(M) is the lower Matuszewska index of m.
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14Conjecture

Let M be a weight sequence.

(a) If γ(M) = 0, then S
[M̂ ]

= S̃u[M ] = ∅.
[H.-J. Petzsche (1988), V. Thilliez (2003), J.J.-G., J. Sanz, G. Schindl (2019)]

(b) If γ(M) =∞, then S
[M̂ ]

= S̃u[M ] = (0,∞) and there exist global

extension operators for any opening γ > 0.
[J. Schmets, M. Valdivia (2000), J.J.-G., J. Sanz, G. Schindl (2021)]

Conjecture (Roumieu): Let M be a w.s. with γ(M) ∈ (0,∞), then

S{M̂} = S̃u{M} = (0, γ(M)).
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15Known results in the Roumieu case

Additional
assumptions Information

∅ (0, dγ(M)e − 1) ⊆ S{M̂} ⊆ S̃
u
{M} ⊆ (0, bγ(M)c+ 1]

(dc) (0, γ(M)) ⊆ S{M̂} ⊆ S̃
u
{M} ⊆ (0, γ(M)]

(dc) ∧ γ(M) ∈ N the conjecture is true

(mg) ∧ γ(M) ∈ Q the conjecture is true

(n!α)∞n=0, α > 0 the conjecture is true

Based on: [J.P. Ramis (1978), H.-J. Petzsche (1988), J. Schmets, M. Valdivia (2000),

V. Thilliez (2003), J. Sanz(2014), A. Debrouwere (2020), J.J.-G., J. Sanz,

G. Schindl (2019,2021) J.J.-G., I. Miguel-Cantero, J. Sanz, G. Schindl (2023)]
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16Shifted moments condition

M has shifted moments (sm) if

∃C0 > 0, H > 1 : ∀n ≥ 0, log

(
mn+1

mn

)
≤ C0H

n+1.

The property (sm) is preserved under equivalence of sequences.

Let M be a sequence such that a0 := inf
n≥0

mn > 0 (e.g. if M is (lc)):

(a) (dc) implies (sm).

(b) (sm) is equivalent to ∃C1 > 0, H > 1 : ∀n ≥ 0, log(mn) ≤ C1H
n,

Examples:
M = (nτn

σ

)n (τ > 0, σ ≥ 2) do not satisfy (dc), but they satisfy (sm).
M = (qn

n

)n (q > 1; M0 := 1) do not satisfy (sm).



J. Jiménez-Garrido — Surjectivity of the asymptotic Borel map

17Optimal flat functions

Let M be a weight sequence. The associated function is defined by

ωM (t) := sup
n≥0

log

(
tn

Mn

)
.

Let M be a weight sequence, S be a sector. A function G ∈ H(S) is
said to be an {M}-optimal flat function if:

(1) G is {M}−flat in S, that is:

∃K1,K2 > 0 : ∀z ∈ S, |G(z)| ≤ K1 exp(−ωM (K2/|z|)).

(2) G is optimal, that is:

∃K3,K4 > 0 : ∀x ∈ (0,∞), G(x) ≥ K3 exp(−ωM (K4/x)).
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18Kernel functions and moments

Proposition. [J.J.-G., I. Miguel-Cantero, J. Sanz, G. Schindl (2023)]
Let M be a weight sequence with γ(M) > 0 and 0 < γ < γ(M).
Then, there exists an optimal {M}−flat function in Sγ .

Proposition. [J.J.-G., I. Miguel-Cantero, J. Sanz, G. Schindl (2025)]
Suppose M is a weight sequence with γ(M) > 0, G is an optimal
{M}-flat function in S. We define the kernel function e : S → C by
e(z) = G(1/z) and for every k ≥ 0 we define the k-th moment of the
function e(z) by

µ(k) :=

∫ ∞
0

tpe(t) dt.

Then, M satisfies condition (sm) if and only if the shifted sequence
M+1 := (Mn+1)

∞
n=0 and µ = (µ(n))∞n=0 are equivalent.
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19Improved Borel-Ritt-Gevrey theorem

Theorem. [J.J.-G., I. Miguel-Cantero, J. Sanz, G. Schindl (2025)]
Let M be a weight sequence satisfying (sm) and with γ(M) > 0, and
let γ > 0 be given. Then, each of the following statements implies the
next one:

(I) γ < γ(M).

(II) There exists c > 0 such that for every h > 0 there exists an operator
from C[[z]]M ,h into ÃuM ,ch(Sγ).

(III) The Peano-Borel map B̃ : Ãu{M}(Sγ)→ C[[z]]{M} is surjective. In

other words, (0, γ] ⊆ S̃u{M}.
(IV) (0, γ) ⊆ S{M̂}.

In particular, one has (0, γ(M)) ⊆ S{M̂} ⊆ S̃
u
{M}.
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20How to construct extension operators

Idea: We take G is an optimal {M}-flat function in Sγ .
We construct the kernel function e : S → C by e(z) = G(1/z) and the
corresponding moment sequence µ.

Given h > 0 and f̂ ∈ C[[z]]M ,h, we consider its formal Borel-like trans-
form: We divide its coefficients by the corresponding term of the se-
quence µ, and thanks to (sm) we have a convergent series.

Then we apply a truncated Laplace-like transform using the kernel e to
construct a function in f ∈ ÃuM ,ch(Sγ) such that B(f) = f̂ .

When working with the tools of Borel-Laplace M -summability, this shift
arises naturally, so (sm) is the appropriate condition.
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21New information

Additional
assumptions Information

∅ (0, dγ(M)e − 1) ⊆ S{M̂} ⊆ S̃
u
{M} ⊆ (0, bγ(M)c+ 1]

(sm) (0, γ(M)) ⊆ S{M̂} ⊆ S̃
u
{M} ⊆ (0, bγ(M)c+ 1]

(dc) (0, γ(M)) ⊆ S{M̂} ⊆ S̃
u
{M} ⊆ (0, γ(M)]

(dc) ∧ γ(M) ∈ N the conjecture is true

(mg) ∧ γ(M) ∈ Q the conjecture is true

Gevrey: (n!α)∞n=0 the conjecture is true
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22Known results in the Beurling case

Problem: Optimal flat functions are not available.

Additional
assumptions Information

∅ (0, dγ(M)e − 1) ⊆ S
(M̂)
⊆ S̃u(M)

[J. Schmets, M. Valdivia (2000)]

(dc) (0, dγ(M)e − 1) ⊆ S
(M̂)
⊆ S̃u(M) ⊆ (0, bγ(M)c+ 1]

[J. Schmets, M. Valdivia (2000)]

(mg) (0, γ(M)) ⊆ S
(M̂)
⊆ S̃u(M) ⊆ (0, γ(M)]

[V. Thilliez (2003), A. Debrouwere (2020,2021)]
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23New result for regular sequences

Theorem. [A. Debrouwere (2020)] Suppose M̂ is a regular sequence

(M̂ is a w.s. and (dc)). The following are equivalent:

(1) The Peano-Borel map B̃ : A
(M̂)

(S1)→ C[[z]](M) is surjective.

(2) There exists a global ext. operator UM : C[[z]](M) → A(M̂)
(S1).

(3) γ(M) > 1.

Theorem. [J.J.-G., I. Miguel-Cantero, J. Sanz, G. Schindl (2025)]

Suppose M̂ is a regular sequence, and let γ > 0. Each of the following
statements implies the next one:

(I) γ < γ(M).

(II) There exists a global ext. operator UM ,γ : C[[z]](M) → Ãu(M)(Sγ).

(III) The Peano-Borel map B̃ : Ãu(M)(Sγ)→ C[[z]](M) is surjective.

(IV) γ ≤ γ(M).
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24New result for regular sequences

Additional
assumptions Information

∅ (0, dγ(M)e − 1) ⊆ S
(M̂)
⊆ S̃u(M)

[J. Schmets, M. Valdivia (2000)]

(dc) (0, γ(M)) ⊆ S
(M̂)
⊆ S̃u(M) ⊆ (0, γ(M)]

(mg) (0, γ(M)) ⊆ S
(M̂)
⊆ S̃u(M) ⊆ (0, γ(M)]

[V. Thilliez (2003), A. Debrouwere (2020,2021)]
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25New result

Theorem. [J.J.-G., I. Miguel-Cantero, J. Sanz, G. Schindl (2025)]
Let M be a weight sequence with γ(M) > 0 and that satisfies (sm),
and 0 < γ < γ(M) be given. Then, the Peano-Borel map

B : Ãu(M)(Sγ)→ C[[z]](M)

is surjective, and so (0, γ(M)) ⊆ S̃u(M).

Idea: Given f̂ ∈ C[[z]](M), we construct, using Thilliez’s technique and
Chaumat-Chollet sequences, a weight sequence N that satisfies (sm),

γ(N) > γ, Ãu{N}(Sγ) ⊆ Ãu(M)(Sγ) and such that f̂ ∈ C[[z]]{N}. We
conclude by applying the theorem for the Roumieu case.
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26New results for the Beurling case

Additional
assumptions Information

∅ (0, dγ(M)e − 1) ⊆ S
(M̂)
⊆ S̃u(M)

[J. Schmets, M. Valdivia (2000)]

(sm) (0, γ(M)) ⊆ S
(M̂)
⊆ S̃u(M)

(dc) (0, γ(M)) ⊆ S
(M̂)
⊆ S̃u(M) ⊆ (0, γ(M)]

(mg) (0, γ(M)) ⊆ S
(M̂)
⊆ S̃u(M) ⊆ (0, γ(M)]

[V. Thilliez (2003), A. Debrouwere (2020,2021)]
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