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Linear Dynamics

X separable infinite-dimensional Banach space

Discrete dynamics

T : X — X bounded linear operator
T hypercyclic & dx € X s.t.
{T"x:neN} =X,
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Linear Dynamics

X separable infinite-dimensional Banach space

Discrete dynamics Continuous dynamics
T : X — X bounded linear operator (Tt)e>0 Co-semigroup on X
T hypercyclic & dx € X s.t. (T¢)e>0 hypercyclic < Ix € X s.t.
{T"x:neN} =X, {Tix:t>0}=X.

o Conejero-Muller-Peris 2007:

(Tt)e>o is hypercyclic if and only if every operator T is hypercyclic.
o Bayart-Bermudez 2009:

Example of chaotic semigroup such that every T; is not chaotic
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Model operators and semigroups

Backward Shifts

(Vn)neNy vh >0,1< p<oo.

Cp(v) = {(xn)nerv | 2o pen [XnlPvi < 00}

B :lp(v) = (V)
B((xn))nen = (Xat1)nen
B is continuous if and only if
SUPpen 7,07 < O
B : 4y(v) = £p(v) hypercyclic &
infneN Vp = 0

~ E.Mangino | WFAJB70 International Workshop on Functional Analysis on th



Model operators and semigroups

Backward Shifts Translation semigroups:

(va)nen, va >0, 1< p < oo. p ¢ [0,400[— (0,+00) locally integrable
function, 1 < p < 00
ép(V) = {(X")HEN | ZHGN ‘Xn|an < OO}
LS = Ly([0, +oo, pdx)
B Lp(v) — £y(v)

Blla)nes = (ass)ren Tf()=f(-+1), t>0, felf
B is continuous if and only if
SUPpen 7,07 < O
B : 4y(v) = £p(v) hypercyclic &
infneN Vp = 0

T = (T¢)e>0 is a strongly continuous semi-
group on L%, called translation semigroup,
if and only if there exist M > 1, w € R s.t.

o(7) < Me*fp(T + t), (r,t>0)

In this case p is called an admissible weight.
T hypercyclic on L5 < liminfx_oop(x) = 0.
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Directed trees

Martinez-Avendafio, Grosse-Erdmann, Papathanasiou, Lopez-Martinez

Let G = (V, E) be a locally finite directed tree without cycles:
@ V countable set of vertices
ECVxV\{(v,v)]|veV} edges

@ it can't happen that there exist vi,..., vk € V such that (vi, v2), (v2,v3), ...
(Vk—1,v), (vk,v1) € E

@ for each vertex v there is at most another vertex w € V such that w is the parent of
v and v is the child of w, namely (w, v) € E.
@ given an edge e = (v, w), v is said to be the tail of e and w the head of e

@ every vertex has only a finite number of children. A vertex without children is called
a leaf.

A directed tree has at most one vertex without a parent, called the root of the tree
and denoted root. The parent of a vertex v # root is denoted by par(v).

Chilv)={ue V| (v,u) € E} Chi"(v) = U,echin-1(v) Chi(u)
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V3

NO NO

par(vs) = v» Chi(v2) = {vs, va, v5 } Chi*(v1) = {vo, vio}
v1 is the tail of the edge (v1, v2), v2 is the head of the edge (v1, v2).
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The backward shift on a tree

Let 1 € KY be a family of non-zero numbers, 1 < p < oo.

C(Vop) ={f €K | Y 1F(V)u]” < oo}

vev

Z f(u), vevVv

u€ Chi(v)

Example.

Bf(v2) = f(va) + f(vs) + f(ve), Bf(v1) = f(v2) + f(v3), (Bf)(va)-=0
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-
Boundedness and hypercyclicity of the backward shift on directed trees

K.-G. Grosse Erdmann, D. Papathanasiou

Fpar(v)
Ky

e B is bounded on £'(V, ) < sup,. W\ root < oo.

o Ifl<p<oc: 3
B is bounded on (*(V, 1) < sup,cy |uvl® X ccniv) [pu| P < o0.

If the tree is rooted and without leaves:
B is hypercyclic in £P(V/, ) if and only if there is an increasing sequence (n)« of positive
integers such that for every v € V

li inf =0 =1

kLngo UGCIhi"k(v) |MU| P

l JP =

Jim_ Z [t 00 1<p<oo
u€Chik (v)
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Evolution Equations on networks

o Heat/Diffusion: How heat or a substance diffuses through a network of pipes or
wires.

o Wave Propagation: How signals (e.g., in a communication network, or pressure
waves in a system of pipes) propagate and interact at junctions.

@ Transport Processes: Modeling flows (e.g., traffic flow, fluid flow, information flow)
in complex networks.

M. Kramar, E. Sikolya, B. Dorn, D. Mugnolo, al.
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e = [0,1], x;(-, t): distribution of the material along an edge e; at time t >0

Oexj(s, t) = ¢jOsx(s, t), s€(0,1),t >0,
transport
xj(s,0) = fi(s), se(0,1)

initial condition
¢U_ Cij(L t) = wj ka:l q);Cka(Q t), t>0,

junction condition

fori=1,...,n,andj=1,..., m.
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Directed metric trees

A locally finite directed tree without cycles G = (V, E) becomes a directed metric tree if
on every edge e € E we assign a coordinate x. € [0, 1] which increases in the direction of
the edge.

We will consider rooted directed metric trees, i.e. for which there exists an edge e € E
such that for no edge f € E there exists a vertex v head of f and tail of e.

Y oLl
® 2 / e eer g
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A directed metric tree E = {e; | i € I} can be described through the matrix A, whose
entries are

1 if there is a vertex v such that v is the head of e; and the tail of ¢;
(A)j = -
0 otherwise.
Due to the characteristics of the tree:
eVjel: card({iel | Aj #0}) <1
eViel: card({i €l | Aj #0}) <N

o (A"); # 0 if and only if there exists a path of length n starting with edge e; and
ending with edge ;.

o My(i)={jel| (A"); # 0}
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Examples
0 1 0 0 O
€1 €2 €3 0 01 0 O
(1) A=10 0 0 1 0

o O oo
O O o
O O o
[Nl e}
o= oo
= O O O
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Weighted LP-spaces on directed metric trees

For every i € I, let p; be a strictly positive locally integrable function on [0, 1] and set
p := (pi)ier. For every i € I, consider the weighted space

L2.[0,1] := {f : [0,1] - R | f is measurable and |f|"p; € L'[0,1]},

1 1
Wil = ([ 17Pmiex)’

endowed with the norm

XP =P (@iesLh,[0,1]}) = {(ﬁ),-e, | f: € L5.[0,1] and Z||f,-||‘,§,p,. < oo}.

iel

Remark. If the tree is of the following type:
€1 €9 €3
. - - e
then clearly X7 is isometric to L2([0, +o0f),
with p(s) = pi(s — i) if s € [i,i + 1], via the isometry

(fi)ie/ — f
where f(s) = fi(s — i) if s € [i,i +1].
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The translation semigroup on a directed metric tree

For f € X} and t > 0:

(Tef)(s)=A"f(t+s—n), forse[0,1] and n € Ngsuch that n < t+s < n+1,

The map defined in this way can intuitively be seen as a left translation with a "jump”
given by the operator A.

Example

(Tef)(s) = Af(t+s—1)=(h+ f,fa,f,6,... ) (t+5s—1) l1<t+s<?2
(Tef)(s) = Af(t+5—2) = (fa+ fs, f5, Fr, ... )(t + 5 — 2) 2<t+s<3

~ E.Mangino | WFAJB70 International Workshop on Functional Analysis on th



Proposition [M-VM]
Let p be a weight of the space X}.

@ The following assertions are equivalent:
@ The family (T:);>0 is a strongly continuous semigroup on Xt
@ there exist some constants M > 1 and w € R such that for all j € /
pj(s) < Me™p;(s + t — n),
for all t > 0, almost every s € [0,1], n € Ng such that n < s+t < n+1 and all
i€ Mn(j).
Q Let 1l < p < oo then the following assertions are equivalent.
@ The family (T:);>o is a strongly continuous semigroup on X5
@ there exist some constants M > 1 and w € R such that for all j € /

p/P*
1 1

ieMaG) pi(s+t—n)p"/p

for all t > 0, almost every s € [0,1], n € Ng such that n < s+t <n+1.
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Remark.
If G has a leaf, then the translation semigroup cannot be hypercyclic in any admissible
space X5.

Indeed, if (vj;, vj,) are such that vj, is a leaf of G and there exists some edge
ek, = (Vips Vi), then (T:f ) (s) =0forall t >1and 0 <s <1, for every f € X} and
therefore the semigroup cannot be hypercyclic.
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Theorem [M-VM]

Let G = (V, E) be a rooted directed metric tree without leafs.
Q@ The following assertions are equivalent:
@ the translation semigroup is hypercyclic on X};
@ the translation semigroup is weakly mixing on X};
@ there exists some increasing (ng)xen € NV such that for all j € I:
k|l>moo SEI?Ofl] iE/:/rl:,i ) pi(S) =0
O The following assertions are equivalent:
@ the translation semigroup is hypercyclic on X?;
@ the translation semigroup is weakly mixing on X%;
@ there exists some increasing (ng)xen € NV such that for all j € [ :

-1
1
lim inf _ =0.
k—0s€[0,1] ’_GMZU) pi(s)P*/p
W3

Remark.

1 -1
. . nki ==
llm)sc—l?Ofl] ( (A P(S)(S)”*/P)J‘) -0
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Work in progress:

@ study of chaos, frequent hypercylicity,...

@ spaces of continuous functions on directed metric trees with suitable " junctions” in
the vertices.
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